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We have investigated statistically the propagation of errors in Hiiekel-Wheland molecular 
orbital calculations by using a sequence of random numbers to govern variations of the para- 
meters. The test cases correspond to calculations for uracil and for the four thiadiazole 
isomers. We found the distributions of the characteristic numbers and of the elements of the 
bond order matrix to be rather sharp and the distributions of the elements of the characteristic 
vectors to be much less so. 

Wir haben statistisch die Fehlerver~eilung in der Hfickel-Wheland-MO-Theorie mit Hilfe 
einer Folge yon Zufallszahlen untersucht, um den Effekt der Parametervariation zu kl~ren. 
Die Testf~lle beziehen sich auf Reehnungen fiir Urazil und die vier Isomere yon Thiadiazol. 
Die Vel~eflungen fiir die eharakteristischen Zahlen und die Elemente der Bindungsordnungs- 
matrix ergaben sich Ms ziemlich scharf, im Gegensatz zu den charakteristischen Vektoren. 

Nous avons 6tudi6 statistiquement la propagation des erreurs dans des calculs d'orbitales 
mol6eulaires de Hiickel-Wheland en utflisant une suite de nombres al6atoires pour diriger les 
variations de param6tres. Les cas test6s correspondent aux ealculs pour l'uracfle et pour les 
quatre thiadozines isom~res, lqous avons trouv3 que les distributions des hombres earact6- 
ris~iques et des ~l~ments de la matrice des indices de liaison ~taient plutot aeeentu6es et que les 
distributions des vecteurs caract6ristiques ~taient l'moins. 

1. Introduction 

B y  w h a t e v e r  name  t h e y  be knovnl,  the  e lements  en ter ing  the  m a t r i x  calcula-  
t ions,  which are  the  resul t  of  the  H i i cke l -Whe la nd  deve lopmen t  of  the  t heo ry  of  
molecular  orb i ta l s  composed  of  a tomic  orbi ta ls ,  are  p lagued  b y  uncer ta in t ies .  I f  
the re  are  few elements ,  or  i f  p a r a m e t r i z a t i o n  b y  a single p a r a m e t e r  be assumed,  
t he  effects of  t he  uncer tah l t i es  m a y  be ana lyzed  [1]. The  resul ts  for homonue lea r  
sys tems  are mos t  s t r iking.  

F o r  more  compl ica ted ,  he te ronuc lear  sys tems the  s i tua t ion  is r a the r  less satis-  
fying.  I t  seemed,  therefore,  of  in te res t  to  inves t iga te  the  effects of s imul taneous  
changes in all of the  pa ramete r s .  B y  va ry ing  each e lement  r a n d o m l y  be tween  
given l imits ,  one migh t  eva lua te  s ta t i s t ics  descr ibing the  re la t ions  among the  
resul ts  of  a calculat ion.  I n  par t i cu la r ,  the  second momen t ,  wi th  respect  to  the  
mean ,  of  a set of  number s  is a measure  of  the  wid th  of the  peak  in  the  d i s t r ibu t ion  
of  these  numbers .  Hence  b y  compar ing  these  s ta t i s t ics  for, say,  the  fifth componen t  
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of the third characteristic vector and the third component of the fifth charac- 
teristic vector one can appreciate the relative sensitivities of these elements to 
variations in the data of the problem. 

2. Method 

In  such statistical studies the calculations involved are overwhelming because 
of their quanti ty rather than their complexity, which is a reason different from 
tha t  usually proposed with respect to quantum chemical studies. The matr ix  to 
be studied is ,4 ; its elements are in error by  at  most the corresponding elements of 
the Matrix E. There are I IY(N q- 1) = b independent elements of A and E because 
these matrices are symmetric. A trial consists in constructing a symmetric matrix 
B which is in the "interval" (A -- /7,  A q- E) and calculating its characteristic 
numbers and vectors, respectively. The construction is made by  multiplying each 
independent element of E by a random number from the interval [ - 1 , 0 ]  or from 
the interval [0,I] taken of the symmetry  requirement. This process may  be 
represented symbolically by  the formulae 

Bm,n = A ~ , n  + Em,n rm,~ 

rra,n e[-- l ,0]  or rm,n e[0,1] , 

Em,n = En,m; rm,n = rn,m , 

where rm,n is a random number in one of the previously mentioned intervals. 
For each trial the results are the characteristic number and the corresponding 

characteristic vectors of the matr ix  B. These latter are also combined into a bond 
order matrix. I t  is necessary to fix the phases of the characteristic vectors; this is 
done by  requiring tha t  the first element of each be positive. Each element of each 
matr ix  is considered a result of the trial; there are at most �89 N ( N  § 1) -- i inde- 
pendent results, being 2 V -  I characteristic numbers and the �89 N ( ~ r -  t) inde- 
pendent components of the characteristic vectors. Rather  than to extract  the 
b -  I independent results, it is more simple to evaluate statistics for all the 
results. The statistics evaluated are the mean values and the second, third, and 
fourth moments with respect to the means. These are calculated by the formulae 

T 

= x t / T  , 
t = l  

T 

t = l  

T 

,,8 = x /T - 3 ,1 + 
t = l  

and 
T 

t = l  

T is the number  of trials. 
Should a means exist for obtaining the necessary random numbers, the whole 

experiment (set of T trials) can be performed automatically; and no overwhelming 
mountain of partial results need be examined. We have available a scheme for 
obtaining random numbers distributed uniformly on [0,t]. The sign can be made 
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IOI8 1,2,3- 1,2,4- t,2,5- t,3,4- 
I C ~  thiadiazole thiadiazole thiadiazole thiadiazole 

HNI1 6 5CH 

7 H 1 
Fig. 1. The uracil molecule Fig. 2. The series of thiadiazole compounds 

to depend on a bi t ;  it may,  therefore, be considered random. The series of  experi- 
ments  herein summarized had the sign depend on the final bit. As the length of  the 
sequence of  numbers  which m a y  be considered random is not  known, we chose not  
to  waste a r andom number  on a zero error. Furthermore,  comparison experiments 
were conducted on the same ,4 and E matrices with different numbers  of  trials. 

The eight experiments considered were based on the uracil problem (~3g. 1) 
for 50, i00, and t50 trials and on the four thiadiazoles, 50 trials each (Fig. 2). 
The ,4 and E matrices for uracil are set forth in Tab. t ; the non-vanishing elements 
of  the ,4 and E matrices for the thiadiazoles are in Tab. 2. 

3. Results and Discussion 

I n  Tab. 3 are the mean values and the second, third, and fourth moments  with 
respect to the means of  the characteristic numbers  of  uracil for experiments of  50, 
100, and t50 trials. Molecular diagrams for these experiments are shown in Fig. 3, 
the numbers  underscored being mean values and the other  numbers  being second 
moments  with respect to the means. The results of  the second experiment with 
100 trials are identical to those given for the first. 

The statistics of  the characteristic numbers  and vectors of  1,2,3-thiadiazole 
are presented in Tab. 4. The results for the other three isomers are ra ther  similar; 
their detailed presentat ion has been suppressed. However,  molecular diagrams are 
presented for all four compounds in Fig. 4. The interpretat ion is the same as for 
Fig. 3. 

Inter alia the uracil results show tha t  the conclusions are as well founded on 
50 trials as on 150. We invoke, therefore, a generalization of  the principle of  
pars imony;  the thiadiazole experiments are of  50 trials. 

All experiments show small values for the second moments  with respect to the 
mean for the elements of  the bond order matrix,  the order of  magni tude  being i0 -~. 
One m a y  conclude tha t  this matr ix  is not  very  sensitive to the Hiickel-Wheland 
parameters  chosen. This conclusion agrees with the s tudy  by  WaGNeR [2] of  
parametr ized variations of  the Coulomb integrals and with general experience in 
similar calculations. Therefore, conclusions based on the elements of  the bond 

Table 2. Parameter values used for the series 
o] thiadiazoles [2] (in fl units) 

ac = 0.00 • 0.t0 flc,c = 1.00• 0A0 
ax = 0.60 ~: 0.15 #c,s = 0.80 • 0.20 
as = 0.00 • 0.20 #c,~ = t.00 • 0A0 

fl~.x = t.00 • 0.15 
fls,~ = 1.00 :L 0.15 
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Table 3. Statistics o[ the distributions o[ characteristic numbers o/uracil (in fl units) 

'~8 

V1 
Y2 

Y3 
~4 

~2 
Y3 
va 

Yl 
~2 
'P3 
v~ 

~2 
~3 

P3 

~4 

1 

3.683 
2.262 ( -3 )  
1.t79 ( -5 )  
t.906 ( -5 )  

5 

6.232 ( -1 )  
6.o13 ( -4 )  
5.232 -6) 
9.214 -7) 

1 

3.674 
2.409 -3) 
1.125 -5) 
t.779 -5) 

5 

6.231 -1) 
5.862 -4) 

-1.998 -7) 
8.595 -7) 

t 

3.676 
2.602 -3) 

-2.045 -6) 
1.852 -5) 

5 

6.241 -1) 
6.549 -4) 
5.926 -8) 
L206 -6) 

50 trials 
2 

3.196 
3.239 -3) 
6.726 -5) 
2.9t4 -5) 

6 

- t .0 t2  
1.109 -3) 
8.986 -6) 
2.646 -6) 

t00 trials 
2 

3.t95 
3.622 -3) 
2A66 -5) 
3.296 -5) 

6 

-1.0i4 
1.294 ( -3 )  
2.828 ( -6 )  
4.263 ( -6 )  

150 trials 
2 

3.199 
3.736 ( - a )  
8.81o ( -6)  
3.2o2 ( -5 )  

6 

-1.017 
1.431 ( -3 )  

-3.~62 (-6)  
5.8t9 ( -6)  

3 4 

1.863 1.146 
t.443 ( -3)  1.674 ( -3 )  
1.791 ( -5 )  -2.598 ( -6 )  
4.255 ( -6 )  4.829 ( -6 )  

7 8 

-1.7t9 -2.3t6 
2.801 ( -3 )  t.577 ( -3)  

-1.032 ( -5 )  -2.870 ( -6 )  
2.011 ( -5 )  5.806 ( -6 )  

3 4 

t.862 t.139 
1.38t ( -3 )  1.761 ( -3 )  
1.009 ( -5)  3.830 ( -6 )  
4.866 ( -6 )  5.457 ( -6 )  

7 8 

-1.714 -2.314 
3A06 ( -3 )  t.801 ( -3 )  

-7.513 ( -6)  -1.470 ( -5 )  
2.243 ( -5 )  8.t29 ( -6)  

3 4 

1.864 t .140 
1.598 ( -3 )  1.666 ( -3 )  
4.603 ( -6 )  -4.416 ( -6 )  
6.749 ( -6)  5.040 ( -6 )  

7 8 

-1.716 -2.3t8 
3.457 ( -3 )  2.004 ( -3)  

-7.823 ( -6 )  -1.474 ( -5 )  
2.638 ( -5)  9.336 ( -6 )  

order matr ix  are ra ther  independent of the parametr izat ion;  rather  they must  be 
questioned because of their derivation. 

The situation is less definite for the characteristic numbers. For  these, the 
lurgest second moments found are of the order of l0 -3. An optimist  would say tha t  
this demonstrated a lack of sensitivity, a pessimist the opposite. But  for the com- 
ponents of the characteristic vectors the situation is less ambiguous. The large 
second moments are of orders l0  -1 -- t0 -s, as large as the components themselves. 
We conclude tha t  they  are sensitive, and tha t  quantities calculated from them 
should be sensitive. The contradiction of the bond order matr ix  rests unexplained. 
An exception to this delicacy of the components is the characteristic vector 
belonging to the largest characteristic number. These numbers show mean square 
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1.695 HN 
2.942.10-4 

8 
1.458 

"5.050.10 4 
0.778 

"2,419.10 -4 
0.849 

1.006.10 -4 

/~o4 6 ~ 0.409 
1 2  ~ 4"274"10-4 

///3.104'10 -~ \ 
1.220 

2.872.10 4 

0.411 
3.200-10 4. 

0.790 
2,975-10 4 

2 O.84O 4 0.874 
/ /  ~ 6'640"10-5 / 1'416"104 

0.790 / /  ~ / 0,530 
2.4"~ -~0-4 / /  0.400 ~ / 

7 / /  2.888.1o-4 " 3 " 

NH 1.457 
4.962.10 -4 1.608 

4.103.10-4 

Fig. 3a. Statistical molecular diagrams of uracil. The means are underscored; the  second 
moments  are not. 50 trials 

8 1,454 
5.673.10-4 

0.781 
2.754.10 4 

0,850 6 
7.476.10- ' /  ~ 0.406 

/ 0.411 ~ 3"96~ "10-~" 

5 1.220 
1.593 2.520.10 -4 

3.702-10 -4 
0.412 0.791 

3.553.10 -4 2.445.10 -4 

2 0.840 4 0.875 
/ "~89"10-~ / 1.232.10-4 

0.789 / /  0.399 ~ / 0.528 
2,~T)~/ /  z-~.~-~ \ 3  / 9.882.1o-4 

1.458 NH 
4.822.10 4 1.610 

3.267.10 -4 

Fig. 3b. Statistical molecular diagrams of uracil. The means are underscored; the  second 
moments  are not. ~t00 trials 
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8 1.452 
5.584-10 -4 

0 , 7 8 2  

2.756 - 10  -4 
0.850 

6.462.10-5 6 \ 0.404 
410 ~ 4.057.10 -4 

1.694 HN 1 / ~ \ 5  1.219 

3.482.10- 0.413 II 2.810.10-,0.793 
3.41 O" 10 -4 2.086-10-4 

.2 0.840 o 4 0.876 

0.789__ / /  0.399 ~ / 0.527 
2"567"10-4 ~ "  3"167"10-4 \ 3 / 

7 NH 
1.458 1,612 

3.498.10 -'~ 3.715-10 4 

Fig. 3e. Statistical molecular diagrams of uracil. The means are underscored; the second 
moments are not. t50 trials 

Table 4. The first-, second-, third, and ]ourth moments o/the characteristic numbers (in fl units) 
and o/ the elements of the corresponding characteristic vectors in the case of 1,2,3-thiadiazole 

1 2 3 4 5 

Y2 

Y3 
v~ 

"P2 

va 

Yl 
Y2 
1) 3 
v~ 

Vl 

Y1_ 

Y2 
Ya 

Y4 

vl 

2.455 
1.895 ( -3 )  
1.818 (-5)  
7.540 (-6)  

3.752 ( - l )  
3.347 ( -4 )  

-4.228 (-1)  
6.345 ( -1 )  

5.609 ( -1 )  
2.209 ( -4 )  

-9.440 ( -1 )  
2A18 

5.557 -1) 
2.513 -4) 

-9.267 - t )  
2.060 

3.759 -1) 
1.947 -4) 

-4.243 -1)  
6.381 -1) 

3.055 - I )  
2.796 -4) 

-2.805 -1) 
3.428 -1) 

9.923 ( -1 )  
7.212 (-4)  

-8.555 ( -6 )  
1.476 ( -6 )  

2.594 ( -1 )  
2.224 ( - 2 ) ~  

-2.497 ( -1 )  
2.620 ( -1 )  

4.2t5 (-1) 
1.209 ( - 1 )  

-8.345 (-1)  
t.339 

-1.441 ( - t )  
2.676 ( - 2 )  

-1.564 ( -1 )  
-8.683 ( -2 )  

-4.71o ( - t )  
1.136 ( - 1 )  

-1.081 
-2.118 

-2.740 ( -1 )  
~.538 ( - 1 )  

-7.t37 (-1) 
-7.887 ( -1 )  

8.570 (-1) 
2.020 ( -3 )  

-1.183 ( - 5 )  
8.834 (-6)  
5.559 (-1) 
1.079 ( - 2 )  

-9.440 ( - t )  
2.094 

1.176 ( -2 )  
4.063 ( - 2 )  

-1.t84 (-1) 
1.t13 (-2)  

-5.611 ( - t )  
9.860 ( -3 )  

-9.862 ( -1 )  
-2.221 

-1.159 - t )  
4.122 -2 )  

-t .797 -1) 
-7.775 -2)  

4.644 - t )  
4.434 -2 )  

-7.412 -1) 
t.357 

-1.239 
1.725 

- 5.741 
8.015 

5.252 
1.737 

-8.301 
1.744 

-5.790 
2.292 

-1.007 
-2.331 

5.063 
6.910 

-7.701 
1.560 

-3.356 
4.712 

-3.566 
-4.787 

-8.990 
4.507 

-3.898 
-1.397 

-1.514 
( -3 )  1.876 
(-6)  t.064 
(-6)  7.588 

( -1)  4.102 
( -3)  3.732 
(-1)  -5.114 

8.390 

-1) -8.380 
-4) 3.390 

-3.206 
-t .073 

( -1 )  -2.426 
( -4 )  2.784 
(-1)  -1.870 

-1.814 

( -1 )  5.912 
( -3 )  1.573 
( - t )  -1.o50 
( - t )  2.484 

( -2)  -6.362 
( -3 )  t.762 
(-2)  -1.215 
( -2 )  -3.092 

( -3 )  

-6) 
-1) 
-3) 
-1) 
-1) 

-2) 
-3) 
-2) 
-2)  

- I )  
-3)  
-1) 
-1) 

-1) 
-3) 

-1) 
-4) 

Values of second moments having the order of magnitude not less than 10 -2 are set in italics. 
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0.634 
1.363 _ - 1.639.10 -4 1.063 

4.2-2"74-0-4 N 3 - -  4 } 242-~I~ 

_ 0.551 [ 0.700 
I 1"857"10-4" [ 2.164-10-' 

/ 
1.101 

7.071 �9 10 ,4  ̀

I 

0,640 

4 ' 0 ~ - 4  3 9.684-10 -s 4 N  2.715~5.~0_4 

0,644 0.609 

1.35o N 2 5 1 
4"250"10~ - - ~  / /  0696 

o.6o6 \ / 2-z~'~ 
2.486.1o- \ ~ ; /  

1.135 
6.249.10 -4 

I I  

0.730 
7.813-10 -5 

1.109 1.107 
2,648.10 -4 3 4 2.370.10 " 

0.579 0.581 
9.862.10-s 1.445.10 -'~ 

1.369 [~[ 2 5 r~[ 1,371 
4,538.10-,,, / 3,653.10 4 

/ 0.647 
~ - ~  ~ /  1.938,10_4 1.711.10 -4 

1.044 
6.360.10 -4 

I I I  

0,541 
1.338 I~ll~l 1.445.10 -4" [~l 1.335 

"4.61--H'10' 3 - -  ' 4 ' [  -3.61~'104 
/ 

0 669 0.673 

1.059 [2  5 I 1.o6o 

1.208 
6.103.10 -4" 

IV 

Fig. 4. Statistical molecular diagrams of She thiadiazole isomers. The means are underscored; 
the second moments are not. 50 trials 

deviations from their means of the order 10-4; this is the order we have been 
considering to be insensitive. 

We have refrained so long from comment on trends through the sequence of 
isomers because there are none. All characteristic vectors except the first are 
relatively widely distributed in the t,3,4-thiadiazole experiment; of twenty 
results, eighteen show mean square deviations of the order 10 -1 - -  t0 -5. The other 
three isomers show only about half as many disperse elements. A final point is 
that none of the distributions themselves are symmetric about their means. This 
conclusion follows from the relative importance of the third moments with respect 
to the means; for symmetric distributions this moment should vanish. Since this 
is so, one could not expect the fourth moments to approximate those predicted 
for normal or uniform distributions. We found that they did not. 

May Professor PER-OLov L6WDIN find here our thanks for helpful and fruitful discussion. 
We are also indebted to Dr. G. BIczo, who called to this problem our attention. 
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